Abstract. We study a universe filled with cold dark matter in the form of discrete inhomogeneities (e.g., galaxies) and dark energy in the form of a continuous perfect fluid. We develop a first-order scalar perturbation theory in the weak gravity limit around a spatially flat Friedmann universe. Our approach works at all cosmic scales and incorporates linear and nonlinear effects with respect to energy density fluctuations. The gravitational potential can be split into individual contributions from each matter source. Each potential is characterized by a Yukawa interaction with the same range, which is of the order of 3700 Mpc at the present time. The derived equations can form the theoretical basis for numerical simulations for a wide class of modern cosmological models.
In 1692, the young clergyman Richard Bentley had started a correspondence with Isaac Newton, in which they discussed, among other things, the question whether the universe is unbounded or not. In a first response to Bentley's queries, Newton expressed the opinion that the universe must necessarily be unbounded, because otherwise the attractive gravitational force would lead to a collapse of all matter into the center. Newton then continued to write (see [1] , p. 60):
But if the matter was evenly diffused through an infinite space, it would never convene into one mass but some of it into one mass and some into another so as to make an infinite number of great masses scattered at great distances from one to another throughout all of infinite space. And thus might the Sun and first stars be formed.
An unbounded universe leads, however, to infinite attraction forces, so in Newtonian theory the universe must be exactly isotropic to avoid collapse. As Newton wrote in the second edition of his Principia (published after the Bentley letters) (see [1] , p. 61):
The fixed stars, being equally spread out in all points of the heavens, cancel out their mutual pulls by opposite attractions.
Such an exact isotropy is, of course, puzzling. In the 19th century, scientists thought about alternatives, and one alternative was a modification of Newton's law at large scales [2] . For example, in 1895, the German astronomer Hugo von Seeliger envisaged a modification by what we now call a "Yukawa force"; in [3] , equation (2) , he suggested a form for the gravitational attraction force given by k 2 mm ′ e −λr /r 2 (from an "absorption effect" of space, as he called it). As there was a firm belief in the static nature of the universe as a whole, no explanation was sought in terms of a dynamically evolving universe.
This Newtonian problem was eventually solved by Einstein's theory of general relativity, in which gravity is no longer a force acting at a distance, but a manifestation of the local geometry of spacetime. In order to get a static universe, Einstein introduced in 1917 the cosmological constant, but it was soon recognized that his static solution is unstable and that his equations predict an expanding (or collapsing) universe.
In spite of this, it is still of great interest to study the exact modification of the Newtonian forces at cosmic scales as predicted from general relativity. This is what we will do in our essay. We will show, in particular, that the gravitational attraction at large scales is subject to a Yukawa-type modification and we will give a concrete number for its range. This does not only shed new light on the old problem discussed in the Newton-Bentley correspondence, but also gives a prediction for the largest observable structures in the universe and serves as a starting point for numerical investigations of structure formation.
To be specific, we consider two types of "matter" sources. The first type is discrete inhomogeneities (of masses m n ), such as galaxies, and mostly represents cold dark matter (CDM). This source is characterized by the rest mass density ρ M = n m n δ(r−r n ) ≡ n ρ n . The second type is a set of an arbitrary number of continuous fluids with barotropic equations of state; it can represent, in particular, a dynamical dark energy (DE) as well as radiation. We consider a spatially flat Friedmann universe with small metric perturbations, but we impose no restriction on the energy densities.
Let us first address the evolution of the background, which is given by the Friedmann-Lemaître equations (see, e.g., [4] 
with the equations of state p M = 0, p I = ω I ε I , ω I = const = 0 (barred quantities correspond to the background). In these equations, H ≡ȧ/a ≡ (da/dt)/a is the standard Hubble parameter and H ≡ a ′ /a ≡ (da/dη)/a is the Hubble parameter with respect to conformal time η; we have cH = aH. Moreover, q ≡ −(ä/a)/H 2 is the deceleration parameter. Primes and overdots denote derivatives with respect to conformal and standard (synchronous) time, respectively. We have κ ≡ 8πG N /c 4 , where G N is Newton's constant and c is the speed of light. The case ω = −1 corresponds to the cosmological constant (i.e. κε Λ ≡ Λ). Since the Λ-term only affects the background and has no perturbations, we will assume that ω = −1 in equations related to the perturbation theory. Obviously, (1) and (2) lead to a useful relation
where we have defined a new (time-dependent) variable λ, which has dimension of length. It is this length scale that will play below the role of the interaction range in the effective Yukawa potential. It is thus of great importance. Let us now address the perturbations. For simplicity, we restrict ourselves to scalar perturbations. The metric then reads
It is well known that for the considered perfect fluids we have Φ = Ψ. In what follows, we consider the case of weak gravitational fields, |Φ| ≪ 1. For the linearized Einstein equations, one finds the following form [5, 6] :
Here, △ is the Laplace operator in flat space, andṽ α are comoving peculiar velocities. For the case of discrete gravitating masses m n , one can easily formulate the energy-momentum tensor (see, e.g., equation (106.4) in [7] ), and one can single out the contribution of the gravitational potential to the energy density fluctuation:
Similarly, for the continuous perfect fluids with energy densities ε I and pressures p I , one obtains δε I ≈ δA I /a 3(1+ω I ) +3(1+ω I )A I Φ/a 3(1+ω I ) , where the unknown functions A I = A I +δA I (A I = const, ε I = A I /a 3(1+ω I ) ) satisfy conservation equations. On the right-hand sides of (5)- (7), we have inserted the expressions for the fluctuations δT
k of the energy-momentum tensors for the matter sources [5, 6] . In these expressions, we have taken into account the smallness of the peculiar velocities (at present of the order of 300 km/s for galaxies) and the smallness of the gravitational potential, but have imposed no restriction on the fluctuations of the rest mass density and energy densities (see [5, 8, 9] for detailed substantiation). That is, we do not demand the smallness of δρ M and δA I . For this reason, we can use the formalism at all cosmic scales (below and above the Hubble scale).
It is now a straightforward but somewhat lengthy task to derive an equation for the gravitational potential. It was found convenient to split the total gravitational potential Φ into individual contributions from each matter source: Φ = Φ M + I Φ I . Then, these individual gravitational potentials satisfy the following Helmholtz equations [6] :
Here, Ξ and ξ I are functions that arise from the decomposition of the spatial vectors n ρ nṽn and A IṽI in terms of gradient and curl. It is remarkable that all these equations contain the same range λ defined by the formula (3). What is the value of this range? From observations we know that the DE equation of state gives ω I ≈ −1 and that the contribution of radiation is currently negligible. Therefore, starting from the matter dominated epoch, λ arises mainly from CDM, and we get from (3):
At the present time (a = a 0 , H = H 0 ), we obtain λ 0 ≈ 3700 Mpc [5] . In the case of discrete sources, equation (8) for the gravitational potential Φ M can be solved exactly, with the result [5, 6] 
where q n (η, r) := a|r − r n |/λ = |R − R n |/λ (R, R n denote physical distances). Equation (11) clearly demonstrates the Yukawa-type exponential screening of the gravitational potential at distances |R − R n | > λ. We call this effect the cosmic screening. It is clear from (3) that the cosmic background is responsible for this screening. The resulting equations form the theoretical basis for subsequent numerical simulations for a very wide class of cosmological models. The largest known structure in the Universe is the Great GRB Wall (or HerculesCorona Borealis Great Wall), with the size of the order of 3000 Mpc < λ 0 [10] . It is remarkable that this is consistent with the value for λ 0 .
In the Minkowski background limit, the scale factor a → const. Then, H → 0, and the average energy densities and pressures tend to zero (consequently,
We then have λ → +∞ and (8), (9) are reduced to the ordinary Poisson equations (the velocity-dependent terms disappear when H → 0). We also note that the presence of the exponential functions in (11) makes this sum well defined. In contrast, the well known formulas (8.1) and (8.3) in [11] , which are derived in the Newtonian approximation, do not have this property.
Another remarkable property of our approach consists in the fact that it predicts the growth of structure in the universe as it should be. It is not difficult to show from our equations that in the matter dominated stage the density contrast δρ M /ρ M grows linearly with the scale factor: δρ M /ρ M ∼ a for the modes λ k = a/k < λ [12] .
To summarize, we have shown that general relativity automatically leads to screening of the gravitational interaction at large scales. Our approach incorporates linear and nonlinear effects with respect to the energy density fluctuations (δε/ε can be much larger than 1). Our results are consistent with the size of the largest observed structures in the universe. As for potential infinities, they are avoided from the very beginning by the presence of a Yukawa-type potential. To give Newton the last word [13] :
You sometimes speak of gravity as essential & inherent to matter: pray do not ascribe that notion to me, for the cause of gravity is what I do not pretend to know, & therefore would take more time to consider of it I fear what I have said of infinites will seem obscure to you: but it is enough if you understand that infinites when considered absolutely without any restriction or limitation, are neither equal nor unequal nor have any certain proportion to one another, & therefore the principle that all infinites are equal is a precarious one.
